Structurally, the two mixed-valence manganese disks Mn 7 -11 and Mn 7 -16 differ only in the peripheral ligand but, as a result of a subtle interplay of intramolecular exchange interactions, differ strongly in their magnetic properties, e.g., Mn 7 -11 possesses a ground-state spin of S = 11 and Mn 7 -16 of S = 16. The exchange interactions in the disks were studied by inelastic neutron scattering. The analysis of the Q dependence of the observed magnetic transition intensities reveals that ferromagnetic cluster spin-wave excitations were observed. In this framework, it was possible to successfully model the experimental data and provide a physical understanding of the magnetism in the two disks.
I. INTRODUCTION
Molecular nanomagnets (MNMs) have attracted the interest of physicists and chemists during the last decades because of their sometimes spectacular magnetic properties. Examples include the slow magnetic relaxation and quantum tunneling of the magnetization exhibited by single-molecule magnets (SMMs), as was first observed in Mn 12 ac, 1,2 quantum phase interference effects, 3 quantum dynamics of the Néel vector, [4] [5] [6] [7] and spin frustration effects. [8] [9] [10] [11] MNMs contain a few (typically 4 to 20) magnetic metal centers, which are linked together by organic ligands such that each molecule forms a well-defined magnetic nanocluster. Although MNMs incorporate only a relatively small number of interacting spin centers, the lattices are large enough to support complex quantum many-body states. 12 The interpretation of the magnetism can in fact be challenging since MNMs can not be treated as simple paramagnets and not as infinite systems either. In several cases, the adaption of many-body concepts developed for extended systems to these finite ("small") clusters led to interesting new physics, such as that of quantized spin waves. [13] [14] [15] [16] [17] [18] [19] [20] In addition to spin excitations, the ground-state spin S is also a particularly interesting property of a MNM since it is relevant, e.g., to potential applications. 21 It is a longstanding goal to manipulate this property in a controlled manner, [22] [23] [24] and a deeper understanding of the subtle interplay of the magnetic interactions between spin centers and the resulting ground-state spin is desirable.
Disk-shaped magnetic clusters, in which a central magnetic metal ion is encircled by six further ions arranged on the vertices of a hexagon (see Fig. 1 ), have appeared as common magnetic cores for MNMs. The majority of reported disks are homometallic mixed-valence clusters incorporating metal ions such as Co, Mn, or Fe, but also some monovalent Fe III 7 and Co II 7 disks have been described (see Refs. 25-27 and references cited therein). In this work, mixed-valence Mn III 3 Mn II 4 disks (or Mn 7 disks in short) will be considered, in which a Mn II (spin S i = 5/2) ion is sitting at the center, and the remaining three Mn II (S i = 5/2) and Mn III (S i = 2) ions are positioned alternately on the outer hexagon. [28] [29] [30] [31] [32] The large majority of Mn 7 disks possess a ground-state spin of S = 11, which can be rationalized as follows: The spins on the six outer ions are aligned parallel to each other but antiparallel to the spin on the central ion, as indicated in Fig. 1(a) . This explanation in terms of a classical spin structure is consistent with comprehensive analyses, which include magnetostructural considerations and density functional theory (DFT) calculations. [31] [32] [33] It results from dominating ferromagnetic couplings between the spins on the hexagon and weaker couplings to the central spin, which can be ferromagnetic and/or antiferromagnetic, but such that the antiferromagnetic character wins.
Recently, the disk (NHEt 3 ) [Mn 7 (N 3 ) 6 (mda) 6 ], or Mn 7 -11 in short, which possesses a S = 11 ground-state spin, was synthesized and characterized by magnetization measurements (mda = methyldiethanolamine). 33 Most interestingly, the replacement of the peripheral mda ligands by teaH (teaH = triethanolamine) resulted in the disk (NHEt 3 ) [Mn 7 (N 3 ) 6 (teaH) 6 ], or Mn 7 -16 in short, which exhibits the maximum possible ground-state spin of S = 16, as determined from magnetization measurements. 33 In the classical spin structure, all seven spins are thus aligned parallel to each other, as sketched in Fig. 1(b) , indicating that the ferromagnetic couplings to the central spin now win. It is unusual that the very small structural changes induced by a ligand exchange in the periphery lead to such significant changes in the magnetic properties. The ground-state spin was found for both molecules to not change under applied pressure, indicating that the effect is rather robust. 34 These findings motivated this work, which reports a study of the low-temperature excitations by means of inelastic neutron scattering (INS) in order to understand the exchangecoupling situation better. INS is renowned as a versatile experimental tool for investigating exchange couplings in MNMs. 12, 35, 36 The work was further motivated by the potential to understand the low-temperature physics in Mn 7 -16 in terms of ferromagnetic cluster spin waves. The concept of ferromagnetic spin waves was developed in the early days of quantum mechanics and has since been applied with great success to extended systems, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] but only few examples exist where this concept has been applied to small spin clusters such as MNMs. 13 In contrast to extended systems, however, characteristic differences appear for small clusters (small as compared to extended systems). First, instead of a treatment in momentum space, the small clusters have in general to be handled in real space since the spin lattice of a small cluster is in general not related to or expandable into an extended lattice (and a Fourier transformation is not obvious). 48 Furthermore, the excitation spectrum consists of relatively few excitations, and spin waves in the sense of dispersive low-energy modes do not exist. In those cases in which the spin lattice is the finite-size version of an extended lattice, the resulting excitations could be described as quantized or discrete spinwave excitations, 15, 16 but such lattices are exceptional and not the rule. Small clusters allow for many spin-lattice topologies, and most of them do not exhibit translation invariance. However, linear ferromagnetic spin-wave theory works for any small ferromagnetic cluster, and in order to distinguish the situation from the extended systems, we prefer to denote the resulting excitations as cluster spin waves (and the real-space theory as ferromagnetic cluster spin-wave theory, FCSWT). An interesting case of a lattice which exists as small and as extended is the ferromagnetic Heisenberg ring (FHR), which expands into the infinite chain. The FHR allows the study of the relation between the momentum-space spin-wave theory and FCSWT. However, experimental studies of the excitations in small FHRs are very scarce; to the best of our knowledge, only the excitations in a Cr III 10 wheel have been investigated so far, but not analyzed using FCSWT.
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II. EXPERIMENTS
A. Molecules
The compounds Mn 7 -11 and Mn 7 -16 were synthesized following the procedures described in the literature. 33 Some structural details will be relevant for the magnetic modeling below. The materials were characterized by elemental analysis, IR spectra, and magnetic measurements; xray crystallography could not successfully be performed. However, on the basis of these experiments, the magnetic cores in Mn 7 -11 and Mn 7 -16 are very similar to those in the analogous compounds [Mn 7 (N 3 ) 6 (mda) 6 ]Na(MeOH) 3 and [Mn 7 (N 3 ) 6 (teaH) 6 ]Na(MeOH) 3 , or Mn 7 Na-11 and Mn 7 Na-16 in short. They differ in their chemical compositions from Mn 7 -11 and Mn 7 -16 in the counter ion, but also possess S = 11 and 16 ground states, respectively. Their crystal structures were determined by x-ray crystallography, 33 and the molecular structures are presented in Figs. 1(a) and 1(b), respectively. In both compounds, the peripheral azides (N 3 ) are disordered. In Mn 7 Na-11, one of the six azide ligands is disordered among two positions [ Fig. 1(a) ], which suggest the presence of two slightly different disks in a 1:1 ratio. In Mn 7 Na-16, the cluster exhibits a crystallographic C 3 symmetry, and the disorder is such as to be consistent with that [ Fig. 1(b) ]. The crystal structure could reflect the presence of several slightly different disks with a molecular symmetry lower than C 3 , or the presence of two slightly different disks, which each exhibit a molecular C 3 symmetry, in a 1:1 ratio. The Mn III ions exhibit the usual Jahn-Teller distortion, giving rise to singleion anisotropy parameters D Mn III < 0 along the Jahn-Teller axes, which lie nearly in the plane of the disks (for details, see Ref. 33) . Because of the Na counter ion, a polymeric structure is formed in both materials giving rise to significant intermolecular magnetic interactions. This complication is not present in the compounds Mn 7 -11 and Mn 7 -16, which is why we studied these instead of the Na-containing compounds. As mentioned before, their crystallographic structures are not available, but based on the evidence it is reasonable to assume that they are similar to those of Mn 7 Na-11 and Mn 7 Na-16, respectively, and can give useful hints for the magnetic modeling of the latter.
B. Experimental details
For the INS experiments, nondeuterated polycrystalline samples of Mn 7 -11 and Mn 7 -16 were placed in double-walled hollow aluminum cans. The sample masses were 730 and 1360 mg, respectively. INS spectra were recorded at the direct-geometry time-of-flight disk chopper spectrometer IN5 at the Institut Laue-Langevin (Grenoble, France) at various incoming neutron wavelengths; here, data for λ = 5.0 and 6.5Å are shown. The experimental resolutions at the elastic line were 84 and 41 μeV, respectively. The temperature was varied between T = 1.5 and 100 K. The data were corrected for detector efficiency via a vanadium standard. The experiments gave access to the magnetic excitations up to energies of 2 meV. The same samples were also measured at the direct-geometry time-of-flight spectrometer FOCUS at the Paul Scherrer Institut (Villigen, Switzerland) at smaller wavelengths of λ = 2.26 and/or 3.2Å in order to extend the energy range up to above 10 meV. However, identification of further magnetic excitations in these spectra was prevented by a large nonmagnetic scattering contribution, most likely due to the hydrogens in the nondeuterated samples. In the following, the low-energy data recorded at IN5 are presented. Positive energies correspond to the neutron-energy-loss side.
Variable temperature magnetic susceptibility data, which were collected on powder samples of Mn 7 -11 and Mn 7 -16 using a Quantum Design MPMS-XL SQUID susceptometer, were reported and discussed previously in Ref. 33 . The data will be used in this work for analysis and modeling.
C. Results
The integrated temperature-dependent INS spectra recorded on Mn 7 -11 at an incoming neutron wavelength of 5.0Å are shown in Fig. 2(a) . At a temperature of 1.5 K, three close features are observed on the neutron-energy-loss side: peak I at ca. 1.2 meV, peak II at ca. 1.3 meV, and peak III at ca. 1.45 meV. At higher temperatures, the three features merge into a broad feature with decreased intensity, which is slightly shifted to lower energies. On the neutron-energy-gain side, the expected anti-Stokes peaks are observed as a broad feature at elevated temperatures. The high quality of the data enabled a detailed study of the momentum transfer (Q) dependence of the INS intensity at 1.5 K. The S(Q,ω) plot is presented in Fig.  2 (b) and the Q dependencies of the three peaks in Fig. 2(c) . For all three peaks, a very similar Q dependence is observed. At the lowest measured Q values, the intensity increases with increasing Q, reaching a maximum at ca. 0.6Å −1 . With further increasing Q, the intensity decreases and stays, within experimental error, almost constant at Q values higher than ca. 1.2Å −1 . On the basis of the temperature and Q dependence, the three peaks are unambiguously assigned to cold magnetic transitions.
Figures 3(a) and 3(b) show the integrated temperaturedependent INS spectra recorded on Mn 7 -16 at incoming neutron wavelengths of λ = 6.5 and 5.0Å. At the lowest measured temperature of 1.5 K, three features are observed on the neutron-energy-loss side at energies of ca. 0.3 (peak I), 1.2 (peak II), and 1.75 meV (peak III). The intensity of peak I decreases strongly with increasing temperature [see On the neutron-energy-gain side, the expected anti-Stokes feature related to peak I is observed. The data allowed us to investigate the Q dependence of the INS intensity at 1.5 K for the three transitions, which are presented in Fig. 3 (c). For peak I, the Q dependence shows a huge intensity at low-Q values, which is due to a known instrumental artifact and shall be ignored. At higher-Q values, a broad and weak maximum at ca. 1.25Å
−1 is observed. For peaks II and III, the intensity increases at low-Q values, and reaches a maximum at ca. 0.6Å −1 . At Q values larger than ca. 1.3Å −1 , the intensity stays constant within experimental errors. On the basis of the temperature and Q dependence, the three observed peaks are unambiguously assigned to cold magnetic transitions.
To summarize the INS findings, three cold magnetic peaks were observed in both molecules. An analysis using Gaussian fits with appropriate approximations to the nonmagnetic background determined their energy positions to 1.19(1), 1.35(2), and 1.48(2) meV for Mn 7 -11 and 0.30(1), 1.17(2), and 1.72(8) meV for Mn 7 -16.
III. ANALYSIS
A. Spin model and numerical methods
The appropriate spin Hamiltonian for the Mn 7 disks includes a Heisenberg exchange term describing the interactions between the metal ions and an anisotropy term describing the single-ion anisotropy of the Mn III ions:
The ions are numbered as shown in Fig weaker, as suggested by previous work. [31] [32] [33] In our modeling, the following four exchange models were considered:
(1) J -J 1 model: In this model, two different coupling constants are assumed for describing the interactions along the ring (J ) and those to the central ion (J 1 ). The magnetic model exhibits D 3 symmetry, and corresponds to J = J and J 2 = J 1 in Eq. 1)]. The magnetic model does not exhibit D 3 symmetry. In Mn 7 -11, a J -J modulation may be associated to a disordered azide at one of the Mn II ions, as suggested by the crystal-structure analysis of the analogous compound Mn 7 Na-11 [see Fig. 1(a) ], and DFT calculations of its exchange couplings. 33 The single-ion anisotropy of the Mn II ions was neglected as it is generally much weaker than that of Mn III . The anisotropy of the Mn III ions was assumed to be equal for the three ions, and to be uniaxial parallel to the disk axis (z axis) [see Eq. (1)]. The first assumption should be accurate even if the molecule is somewhat distorted and does not exhibit molecular C 3 symmetry. However, the second assumption may not be justified, but had to be introduced to make computations possible within reasonable time; we will address this point carefully in Sec. IV.
The INS intensities were calculated by numerically diagonalizing Eq. (1) to obtain the energies and eigenfunctions and using the formulas given in Refs. 50 and 51. The dimension of the Hilbert space is 162 000. In order to keep the calculations feasible on a personal computer, only the 200 lowest-energy states in each M subspace were calculated using sparse matrix techniques, where M denotes the magnetic quantum number associated to the z component of the total spin. It was carefully checked that the included number of states was sufficient to produce accurate results, even at higher temperatures. By neglecting the anisotropy term, the full energy spectrum of Eq. (1) could be calculated using exact full diagonalization and irreducible tensor operator techniques. 52, 53 This facilitated also the simulation of the temperature-dependent magnetic susceptibility. The neglected anisotropy might lead to small deviations at temperatures below a few Kelvins.
B. Mn 7 -11
The four models presented in the previous section were considered extensively, and the respective parameter spaces were carefully scanned. Only parameter sets consistent with an S = 11 ground state were allowed. However, with the assumption of only one species in the compound, these models did not allow us to reproduce the experimental data. They presented serious discrepancies in that (i) only one or two instead of three INS transitions in the experimental window up to 2 meV were produced, (ii) the Q dependence of one or more INS peaks did not have a maximum at ca. 0.6Å −1 but rather at 1Å −1 or higher, (iii) the temperature dependence of the INS intensity was wrong, and/or (iv) the magnetic susceptibility was significantly off. The origin of the discrepancies (i) and (ii) is related to the structure of the energy spectrum and nature of the wave functions of Eq.
(1) for realistic exchange couplings (exchange on the hexagon much stronger than those to the central ion). The three models which exhibit at least D 3 symmetry could only produce one INS peak in the energy range of 1.0-1.6 meV since by reasons of symmetry, the two states in this energy range were degenerate. Guided by the crystallographic structure of Mn 7 Na-11, the J -J -J 1 -J 2 model was therefore introduced, which lifts the degeneracy and produces two INS peaks. This model allowed us to reproduce the data in any detail except of the fact that only two of the three INS peaks were accounted for. As the only possible solution to this hurdle we had to assume that the compound contains two, slightly different, species as it is indeed suggested by the structure of the analogous compound Mn 7 Na-11 [ Fig. 1(a) ]. The determined magnetic parameters are given in Table I . The simulated INS curves are compared to the experimental spectra in Fig. 4(a) , and the simulated Q dependencies are shown in Fig. 2(c) . The simulated magnetic susceptibility is presented in Fig. 5 . Obviously, the agreement with all data is excellent.
Three points further support this model: First, from the measured INS intensity, the ratio of the two species was estimated to 1:1.4, very close to the expected 1:1 ratio. Second, the simulated intensity of peak I is larger as compared to those of peaks II and III because it is comprised of the contributions of both species, i.e., the energy of the involved transition is nearly identical for both species, while peaks II and III stem from one or the other species [see dashed and dotted lines in Fig. 4(a) ]. Simulations showed that the energy of transition I is indeed largely determined by J and nearly independent of J . The larger intensity of peak I is hence perfectly consistent with a two-species model, where the species differ in their J exchange bonds because of different azide orientations at one of the Mn II ions. And third, the Q dependence of the INS transition is sensitive to the nature of the wave functions (see Sec. IV). The observation of three (exchange-split) INS peaks with identical Q dependencies is unusual and their successful modeling is hence strong support for the model.
The energy spectrum produced by the Heisenberg term in Eq. (1) is presented in Fig. 4(b) for the two species as a function of total spin S (D = 0). The anisotropy of the Mn III ions produce a zero-field splitting (ZFS) of 4.7 K in the S = 11 ground state, which is comparable to some exchange splittings. However, the energy differences between the |M| and |M + 1| subcomponents, which are only probed by INS because of the M = 0, ±1 selection rule, are smaller than 0.8 K and hence not resolved in the INS experiments. The ZFS of the excited states is even smaller than that, which justifies neglecting the anisotropy in a discussion of the energy spectrum. The energy spectrum is characterized by several rotational bands [a rotational band is a set of spin multiplets, the energies of which approximately follow the Landé rule E(S) ∝ S(S + 1)]. [54] [55] [56] [57] [58] The energies in the lowest-lying band were found to be mostly determined by J 1 and J 2 , which is expected from a perturbation theory point of view. This band or a transition from the ground state to the first excited S = 12 mutliplet was not observed in our INS experiments, and these transitions must hence be buried in the elastic line and J 1 and J 2 be small in magnitude. It further turned out that J 1 has to be approximately the negative of J 2 as otherwise a peak inconsistent with the INS spectra is obtained. The values of J 1 and J 2 could not be further fixed by the INS data. The magnetic susceptibility, however, was found to be sensitive to them, which allowed their determination, although with significant error bars (see Table I ).
At higher energies, two further bands are present in the energy spectrum, which are close to each other. These two bands or the transitions from the S = 11 ground state to the two lowest-lying S = 10 spin multiplets give rise, for each species, to two INS peaks in the energy range of 1-2 meV. For both species together, three peaks are hence observed since the energy of the lowest S = 10 multiplet is similar for both species, as mentioned before. The assignment of the three observed peaks I, II, and III to energy levels is given in Fig. 4(b) . The INS spin selection rule S = 0, ±1 allows also transitions from the ground state to the first two excited S = 11 and first two excited S = 12 multiplets, which are at similar energies. However, surprisingly, these are not observed in experiment, and obtained with very weak intensity in the simulated INS spectra. We will come back to this point in Sec. IV B.
C. Mn 7 -16
Similar to the situation in Mn 7 -11, also for Mn 7 -16 it was found that with assuming one species in the compound, the four models described in Sec. III A did not allow us to reproduce the data by the same reasons of number of INS peaks in the experimental window, Q and temperature dependence of the INS intensities, and magnetic susceptibility. Hence, guided by the structure of the analogous compound Mn 7 Na-16 [ Fig. 1(b) ], two species were assumed, where (in contrast to the model for Mn 7 -11) each species was assumed to exhibit molecular C 3 symmetry consistent with the disorder of the azides in Mn 7 Na-16. Each species was modeled by the J -J 1 -J 2 model; evidence for a J -J modulation as in Mn 7 -11 was not obtained. The magnetic parameters for the two species are given in Table I ; a 1:1 ratio was assumed. The simulated INS curves are shown in Fig. 6(a) , the simulated Q dependencies in Fig. 3(c) , and the simulated magnetic susceptibility in Fig. 5 . Again, the agreement with all data is excellent. For good results, the constants J 1 and J 2 had to be slightly different in magnitude (and opposite in sign), but their absolute values were not precisely fixed by the data, hence the significant error bars in Table I . For Mn 7 -16, the best agreement with data was obtained with negligible single-ion anisotropy D = 0.0(3) K. However, since transitions related to the anisotropy splitting of spin multiplets were not directly observed, the data are not very sensitive to D and accordingly the error bar is relatively large. The linewidth of peak I (90 μeV) is slightly larger than the experimental resolution (84 μeV), but those of peaks II and III (400 μeV) is much larger, probably due to strain effects in J .
The simulated energy spectrum as a function of S (for D = 0) is displayed in Fig. 4(b) for the two species. The experimentally observed peak I comes from the S = 16 to the lowest S = 15 multiplet transition of both species. Peak II is related to the transition into the first excited S = 15 multiplet of one species and peak III to the same transition of the other species. Since the nature of the wave functions of each of the S = 15 multiplets is different, they give rise to different Q dependencies (vide infra), which is true in particular for the lowest and first excited S = 15 levels. This directly explains why the observed Q dependence of peak I is different to that of peaks II and III [see Fig. 3(c) ], while the similar Q dependence of peaks II and III strongly supports the two-species model.
As pointed out before in Sec. I, the ground state in Mn 7 -16 assumes the maximal possible spin value of S = 16, i.e., the ferromagnetic spin multiplet is a ground state. This allows the application of FCSWT, which in linear order yields the energies of the spin excitation in the one-magnon sector or, in the case of Mn 7 -16, the energies of the multiplets in the S = 15 spin sector. The details of the method when applied to MNMs are described in Ref. 13 ; its application to Mn 7 disks is given in the Appendix. The FCSWT provided significant guidance in finding the appropriate model parameters in the above analysis. It also provides a detailed understanding of the low-temperature INS excitations (vide infra).
IV. DISCUSSION
A. Magnetic characterization
From fits to the low-T magnetization curves, the parameters D S = −0.22 K and D S = −0.03 K were found in Ref. 33 to describe the S = 11 and 16 ground states in Mn 7 Na-11 and Mn 7 Na-16, respectively. They are negative as expected for Mn III ions. Our finding of D = 0.5 K and D ≈ 0 for Mn 7 -11 and Mn 7 -16 is consistent insofar as the anisotropy in Mn 7 -11 is much larger than in Mn 7 -16, and very small in the latter. However, the sign appears to be incorrect. This is resolved by noting that the Jahn-Teller axes in these Mn 7 disks, which determine the orientations of the local anisotropy tensors D i of the Mn III ions, are almost perpendicular to the disk z axis (see also Ref. 33) . If one assumes that the local anisotropy is uniaxial with a local z axis perpendicular to the disk z axis and has strength D Mn III , and further assumes molecular C 3 symmetry and the strong-exchange limit, then the projection of the local anisotropy tensors on the disk z axis yields
then produces identical observables. Our results suggest thus D Mn III ≈ −1.0 K in Mn 7 -11, which is realistic for Mn III ions. The ZFS in the S = 11 ground state is calculated to 4.7 K, which relates to D S = +0.04 K, about five times smaller than the above estimate for Mn 7 Na-11 obtained from the low-T magnetization curves. This discrepancy could reflect the influence of the intermolecular interactions present in Mn 7 Na-11.
Using DFT calculations, the exchange constants in Mn 7 Na-11 and Mn 7 Na-16 were calculated previously. 33 For Mn 7 Na-11, the exchanges on the hexagon were found to be in the range of J,J = 15-20 K and those to the central ion to fall into the ranges J 2 ≈ −2.4 K and J 1 = 1.4-2.6 K. For Mn 7 Na-16, the J a -J b -J 1 -J 2 model was inferred with J a = 14.5 K, J b = 22 K, J 1 = 2.9 K, J 2 = −1.7 K. In our experiments on Mn 7 -11 and Mn 7 -16, significantly smaller values for the exchange couplings on the hexagon are obtained, but overall the accuracy of the DFT results is impressive. In particular, the J 1 and J 2 couplings agree well, and therefore our experiments confirm the explanation of the different ground-state spins in terms of a subtle interplay of the J 1 and J 2 exchanges proposed in Ref. 33 .
B. Two-spin model of the excitations
The much stronger exchange interactions between the spins on the hexagon (J , J ) as compared to those involving the central spin (J 1 , J 2 ) suggests a simplified picture, where the six spins on the hexagon are coupled to one larger spinŜ R = i=1...6Ŝ i , which is then coupled to the central spinŜ 7 . The hexagon spinŜ R can assume the values S R = 1/2, . . . ,27/2, and owing to the ferromagnetic interactions on the hexagon the ground state belongs to S R = 27/2. Excited states are produced by the weaker exchange interactions to the central ion, which in first-order perturbation theory are given by the effective HamiltonianĤ 27/2 = −J 27/2ŜR ·Ŝ 7 (with S R = 27/2 and J 27/2 = aJ 1 + bJ 2 , where a, b are positive constants and depend on J , J ). These excitations could be characterized as "flips" of the central spin, and their energies are mainly governed by J 1 , J 2 . Further excited states are obtained by creating flips of the hexagon spin, the lowest of which corresponds to S R = 25/2 at an excited energy characterized by J , J (there are indeed two levels with S R = 25/2, in accordance with the standard spin-coupling rules). The weaker exchange interactions to the central ion again produce flip-of-the-central-spin excitations on top of the flip of the hexagon spin.
Within this picture, the structure of the energy spectrum of Mn 7 -11 and its features, Fig. 4(b) , are immediately explained, considering that the coupling between the hexagon and the central ion is effectively antiferromagnetic (J 27/2 < 0). In the ground state, S R is maximal and the hexagon spin is aligned antiparallel to the central spin. The lowest band of states starting out from the S = 11 ground multiplet, and which go up to the S = 16 multiplet, corresponds to flips of the central spin as described byĤ 27/2 . The next higher-lying states, which are the two lowest S = 10 multiplets, correspond to the first flips of the hexagon spin (2 × S R = 25/2). The branch of states, which starts out from these two multiplets and which extends up to S = 15, are produced by the flips of the central spin simultaneously with a hexagon spin flip. The scheme can be extended to explain the energies of the further higher-lying multiplets.
This picture of the excitations provides further insight. In Sec. III B, it was noted that the transitions from the S = 11 ground multiplet into the two lowest S = 10 multiplets were observed in the INS experiments, but that the transitions from the ground state into the two excited S = 11 and 12 multiplets in this band of states were not observed and exhibit almost vanishing INS intensity in simulations, although they satisfy the INS selection rules. This is now naturally explained by the fact that the two lowest S = 10 multiplets correspond to only a flip of the hexagon spin, while the other multiplets in this band involve both a flip of the hexagon spin and flip of the central spin. As regards INS intensity, the latter hence correspond to second-order processes with negligible intensity. The validity of this model was checked by inspection of the wave functions. For the discussed multiplets, the wave functions are described to more than 90% by eigenstates ofŜ R andŜ 7 with the respective values for S R and S 7 .
It was further noted in Sec. III B that the lowest band of states was not observed in the INS experiments due to its small excitation energies. That is, the observed peaks I, II, and III correspond to flip-of-the-hexagon-spin excitations; flip-of-the-central-spin excitations were not observed. In other words, the INS spectrum is characterized by the excitations on the hexagon, or the excitations of a FHR indeed. As regards our INS experiments, Mn 7 -11 corresponds hence to a FHR (because of the very weak antiferromagnetic interactions between the hexagon and the central spin).
Along these lines, the energy spectrum of Mn 7 -16 can also be rationalized [ Fig. 6(b) ], with the difference that the coupling between the hexagon spin and the central ion is effectively ferromagnetic (J 27/2 > 0), yielding an S = 16 ground state. The flips of the central spin give rise to the lowest spin multiplets in the spin sectors S = 11, . . . , 15 . The first flips of the hexagon spin (S R = 25/2) give rise to the second and third excited multiplets in the S = 15 sector, but are in fact degenerate by symmetry. Hence, the observed peak I corresponds to a flip of the central spin, while the observed peaks II and III correspond to flip-of-the-hexagonspin excitations (for species 1 and 2, respectively). This picture corroborates our previous statement on the different nature of the states involved in peaks I and II, III as reflected by the different INS Q dependencies in Fig. 3(c) .
According to the two-spin model, peaks I, II, III in Mn 7 -11 and peaks II, III in Mn 7 -16 are all excitations on the hexagon or in fact the lowest excitation of the FHR. They are thus of similar physical nature, as is indeed confirmed by their Q dependencies, which are essentially identical for these five peaks (e.g., they exhibit a maximum at about 0.6Å −1 and a second maximum at ca. 1.8Å −1 ).
C. Ferromagnetic cluster spin waves
The general method of (linear) FCSWT has been given, e.g., in Ref. 13 . For Mn 7 -16, it is worked out in the Appendix. It yields the energies of the states in the S = 15 spin sector, and therefore the low-T excitations, as they were partially also observed in the INS experiment (see Fig. 6 ). Since Mn 7 -16 consists of seven spin centers, six S = 15 spin multiplets exist. 13 However, because of the D 3 symmetry of the magnetic model, some of them are degenerate. According to group theory, the spectrum consists of two A 2 and two E irreducible representations, and the levels will be denoted as A 2 , A 2 , E , and E ; see also Fig. 6(b) . The ferromagnetic ground state belongs to the irreducible representation A 1 .
The physical nature of these states, or ferromagnetic cluster spin waves, can be probed via the Q dependence of the INS transitions from the ground state into these multiplets. The calculated Q dependencies, normalized to the maximal scattering intensity, are shown in Fig. 7(a) . For comparison, also the Q dependence of a transition within the S = 16 ground-state multiplet is plotted. The different levels indeed evidence themselves via different Q dependencies, with, e.g., different positions of the maxima. In particular, the E transition is well distinguished. Comparison of the curves in Fig. 7(a) with the experimental Q dependencies shown in Fig. 3(c) unambiguously identifies peak I as an A 2 cluster spin wave, and peaks II and III as E cluster spin waves.
In Sec. IV B, it was found that the observed INS peaks in Mn 7 -11 arise from excitations on the ferromagnetic hexagon of spins, and insofar Mn 7 -11 reduces to a FHR. The (homogeneous) infinite ferromagnetic chain is a textbook example of a system with ferromagnetic spin waves. 59 The dispersion relation is (k) = 2J s(1 − cos ka), where k is the wave vector, a the lattice constant, s the length of the spins, and J the strength of the ferromagnetic Heisenberg interactions. This dispersion law has been confirmed by neutron scattering experiments. 37, 38 The excitation spectrum of a homogeneous finite ring (with C N symmetry, where N is the number of spin sites) results from restricting the wave vectors to the allowed values Q q = ±q where q is an integer ranging from 1, . . . ,N/2. The spectrum hence consists of "quantized" or "discrete" excitations, at exactly the energies given by (Q q ). 15, 16 However, although the energies of the excitations coincide with those of the infinite chain, the INS Q dependencies are strongly different.
In the infinite chain, the INS intensity peaks at the momentum transfer at which the neutron energy loss equals the dispersion relation (in practice, the delta function is broadened because of lifetime effects). In a small ring, in contrast, the oscillatory Q dependence typical of small clusters is observed, as shown for a homogeneous six-membered ring in Fig. 7(b) . For this case, the Q dependencies can be calculated analytically, yielding I q (Q) ∝ 1 + 1 6Qa
[12 cos(
. 51 Moreover, the maxima in the curves do not coincide with the peak positions in the infinite chain but are shifted to larger momentum transfer. With increasing ring size N , the curves converge to those of the infinite chain, but slowly, i.e., the differences persist for rings of substantial size.
Mn 7 -11 is not a homogeneous ferromagnetic ring because of the J -J modulation and the central spin, which complicate matters. It is interesting though to investigate the case of a FHR of alternating Mn III and Mn II ions with uniform exchange. It can be treated by introducing a larger repeating unit (unit cell) in the calculations. The energies then become (Q q ) = 2Js[1 − cos(Q q a)], with the mean spin lengths = 9/4 per unit cell. The spectrum consists of five cluster spin waves, or three energy levels with degeneracies taken into account. In D 3 , one level belongs to the irreducible representation A 2 and two belong to E. The Q dependencies are shown in Fig. 7(c) . The Q dependence of the lowest excitation (E ) agrees almost perfectly with the experimental Q dependencies in Mn 7 -11 [ Fig. 2(c) ], and furthermore the curves are reminiscent to those for the homogeneous six-membered ring [ Fig. 7(b) ]. This furthers the notion that the observed excitations in Mn 7 -11 are ferromagnetic cluster spin-wave excitations on the hexagon in nature.
V. CONCLUSIONS
The low-temperature excitations in the two related Mn 7 disks Mn 7 -11 and Mn 7 -16 were studied by INS experiments. Evidence for the presence of two slightly different species in each compound was found, and magnetic models were established which are in accord with the presumed azide disorder seen in related compounds. The magnetic exchange parameters were deduced, and indications of the single-ion anisotropy of the Mn III ions were found. The INS excitations observed in Mn 7 -11 were identified as ferromagnetic cluster spin-wave excitations on the hexagon of the outer Mn III and Mn II spin centers. The low-temperature excitations in Mn 7 -16 can exactly be calculated using linear ferromagnetic cluster spin-wave theory, and the observed INS transitions interpreted as cluster spin waves. It was demonstrated that the lowest observed INS transition is characterized as a flip of the central spin, while the higher-lying INS transitions correspond to a flip of the total spin on the outer hexagon.
APPENDIX: FERROMAGNETIC CLUSTER SPIN-WAVE THEORY FOR Mn 7 -16
General equations and results of linear FCSWT are found in Ref. 13 . For any small spin cluster, in which Heisenberg interactions stabilize the spin multiplet with maximal total spin S F = i S i (ferromagnetic ground state), FCSWT enables the exact calculation of the energies and wave functions of the ground state and the excitations in the spin sector S = S F − 1. The calculation in fact proceeds in the subspace of the M = S F − 1 multiplet components, which is of dimension N . One eigenstate in this subspace belongs to the ferromagnetic ground-state multiplet (S = S F ), and hence transforms necessarily as an A 1 irreducible representation. The remaining N − 1 eigenstates belong to the spin sector S = S F − 1, which are the cluster spin waves. For Mn 7 -16,
in an obvious notation. M i denotes the eigenvalue ofŜ i,z and the numbering of spin centers follows the scheme in Fig. 1(c) . The M = S F − 1 sector consists of seven states, and a basis is generated by applying the single-ion lowering operators to |F M :
In the following, the J a -J b -J 1 -J 2 model will be assumed, which exhibits D 3 symmetry. The Hamiltonian reads aŝ For generality, also a single-ion anisotropy term was included, but D 0 is required for the FCSWT (in Mn 7 -16 we found D = 0). Instead of the D 3 symmetry of the model, it is easier to exploit the C 3 symmetry group (similar to the descent-insymmetry technique in ligand-field theory). 60 The M = S F − 1 subspace decomposes into the irreducible representations 3 × A + 2 × E in C 3 (and 1 × A 1 + 2 × A 2 + 2 × E in D 3 ). Using standard group-theory procedures, 61 the symmetryadapted linear combinations (SALCs) are constructed:
|α 2 = (|4 + |5 + |6 )/ √ 3, |α 3 = |7 , π . The SALCs corresponding to irreducible representation A are labeled as α and those belonging to E as . The Hamiltonian matrices in the A and E subspaces become
